With increasing total energy, small atomic clusters show a smooth transition from a rigid solidlike to a floppy liquidlike ''phase.'' In certain clusters, depending on their structure and stability, this transition takes place over a finite energy range where both these ''phases'' coexist in a dynamical sense, whereas in others the transition does not involve a coexistence region and has been called ''slushlike.'' Previous studies in Ar 13 , which belongs to the first kind, have established the energy variation of maximal Lyapunov exponent ͑MLE͒ and the dynamic structure factor ͑DSF͒ as ''dynamical indicators'' of this transition. To understand the general features of these dynamic indicators better, we investigated the dynamic properties of two clusters Ar 19 and Ar 17 . The former is a magic number cluster whose behavior is expected to be similar to Ar 13 , whereas the latter which does not show a coexistence region belongs to the second kind. Ar 19 shows a behavior similar to Ar 13 . In Ar 17 , we find that above the transition but close to it, the DSF still shows features exhibiting the interplay of a ''hot solid''and a ''cold liquid'' as observed in the coexistence region of Ar 13 and Ar 19 . Unlike the bond length fluctuation which exhibits a rapid increase near the transition, the behavior of MLE is rather smooth and it does not serve as a good dynamical indicator of the transition in the Ar 17 system.
I. INTRODUCTION
During the last decade, there has been a great deal of interest in studying very small, nanometer to subnanometer scale, aggregates of particles because their properties are significantly modified from those of bulk materials ͓1͔. Examples are atomic and molecular clusters containing a small number of particles. As compared to the bulk, a distinct feature of the clusters, particularly of the small ones, is that the local environment can vary dramatically from one atom to the other. This results in inhomogeneities on different length scales. One expects to see the effects of this inhomogeneity in their dynamical properties, as one heats a cluster from its ground state through the temperature region where it changes from a rigid solidlike to a floppy liquidlike ''phase,'' referred to loosely as the melting of a cluster ͓2͔.
The dynamics of a small cluster as it makes excursions through different pathways in phase space can be seen through molecular dynamics simulation. Such studies go back to the earlier work of Briant and Burton ͓3͔, which has been extended very thoroughly in a series of papers by Berry and co-workers ͓2͔. The major outcome of these simulation studies is that the melting of clusters is quite unique. The short-time averages of the kinetic energy of some clusters, e.g., Ar 13 , shows a bimodal distribution in a finite energy range E f рEрE m . This implies that, instead of showing a coexistence of two phases in contact at a given time, there is a dynamical coexistence of a ''hot'' solidlike phase and a ''cold'' liquidlike phase in the above energy range. In this energy range the cluster makes dynamic excursions between two distinct regions of phase space with different characteristics, solidlike and liquidlike. More recently it has been shown by Nayak, Ramaswamy, and Chakravarty ͓4͔ that the signature of the onset of this transition is clearly seen in a dramatic increase in the maximal Lyapunov exponent ͑MLE͒ near E f . In a subsequent paper they also established the presence of 1/f ␣ noise in the power spectra of the potential energy fluctuation of a 'tagged' particle ͓5͔ when the cluster goes into the liquidlike state. Although a careful analysis of the energy dependence of the exponent ␣ across the transition region has not been carried out, it appears that this exponent is weakly energy dependent in the transition region, and starts to decrease rapidly as one enters the liquid phase ͑characterized by a unimodal distribution of short-time averages of potential and kinetic energies͒. As pointed out by Nayak, Ramasyamy, and Chakravarty, this exponent should be zero, i.e., the correlations are ␦ correlated in time, in the liquid state. However it appears that for clusters, particularly the small ones, one has to go to very high temperatures to approach this limiting behavior.
Except at very small excitation energies, the classical dynamics of clusters is chaotic, and it has been rightly studied previously by looking at the clusters as chaotic dynamical systems ͓6͔. The presence of 1/f ␣ noise in the power spectrum of potential energy fluctuation of a tagged particle as the cluster enters the coexistence region reflects a temporal scale invariance, which is seen over a large range of frequency. The origin of this power law spectra is the strong correlations existing over times spanning several orders ͑about 3͒ of magnitude. Experimental indications of phase change in clusters are still indirect, and there is a strong need for experimental signatures for solid-liquid transitions in clusters. Since melting transitions are usually associated with a structural rearrangements, one expects the frequency ()-and wave-vector (k)-dependent dynamic structure factor ͑DSF͒ S(k,) of the cluster to reflect the characteristic features associated with solidlike and liquidlike phases, and in particular existing long-time correlations. In addition, by changing k, or equivalently the length scale over which the dynamics is probed, one can expect to see the inhomogeneous nature of the cluster. Molecular dynamics ͑MD͒ simulation results on an Ar 13 cluster indeed show that the DSF can be used as a very efficient tool to probe cluster melting ͓7͔. We should point out that inelastic neutron scattering cross section is directly proportional to the self-part of the DSF giving further motivation to carry out a careful study of this quantity using MD simulations.
In this paper we make a detailed study of the dynamics of Ar 19 and Ar 17 clusters by calculating both the DSF and MLE to see if indeed there are any correlations between these two dynamic indicators. While the caloric curve for Ar 19 is similar to that for Ar 13 , indicating a finite energy coexistence region for the former, the one for Ar 17 exhibits a ''slushlike'' behavior resulting from its loosely bound structure ͓8͔. We therefore expect to see a rapid increase in the MLE at the onset of the coexistence region, and characteristics of solidliquid coexistence in the DSF for Ar 19 similar to that seen in Ar 13 ͓4,7͔. On the other hand, it is not obvious how MLE and DSF should behave in the case where the solid-liquid transition is smooth, and there is no coexistence region as in the slushlike transition seen in Ar 17 . Do the DSF and MLE still remain as good ''dynamical indicators'' of this transition? Recently Mehra and Ramaswamy ͓9͔ suggested that MLE should show a knee in its energy dependence near a continuous transition. Thus if the transition in Ar 17 is indeed smooth and there is no energy range over which the solidlike and the liquidlike phases coexist dynamically, then MLE should show a knee rather than a rapid increase near the transition ͓9͔. Previous studies of another model exhibiting continuous phase transition also exhibited a ''knee'' ͓10͔. It is not clear what DSF should show in such a situation. These are some of the questions we address in this paper taking Ar 17 as a prototype of all these clusters which do not form closed shells. The arrangement of this paper is as follows: In Sec. II we give the interatomic potential, and describe simulation methods which we used. In Sec. III, we briefly discuss previous work and define different time correlation functions which have been studied to probe the dynamics. In Sec. IV, we present and discuss our results and, finally, in Sec. V, give a brief summary.
II. COMPUTATIONAL METHOD
In our isoergic MD simulations, both the fifth order Gear predictor corrector and velocity-Verlet algorithms were used to solve Newton's equations ͓11-13͔. DSF's and MLE's were computed using these two algorithms, respectively. The caloric curves obtained with these two simulations were, however, nearly identical. The accuracy of MD simulations is determined by the degree to which energy is conserved. Employing the Gear algorithm, the total energy deviated by at worst 0.01% using a time step of 5 fs for 2ϫ10 5 steps, and by less than 0.001% using a time step of 2.5 fs for 1.2 million time steps. Similar accuracies were also obtained in our Verlet simulations. Starting from suitable initial configurations, the system was allowed to equilibrate for 2ϫ10 5 time steps of 5x10 Ϫ15 s at constant energy. At the end of the run, the final positions and their derivatives were stored. The cluster was then heated by scaling the velocities every 200 time steps, for 2000 time steps, increasing the total energy of the system by approximately 0.05ϫ10 Ϫ14 erg/atom. This resulted in a temperature ͑as measured by the long-time average of the kinetic energy͒ increase from 1-3 K, corresponding to a maximum heating rate of 3 K/ps. This follows the procedure for the proper heating of microclusters presented by Briant and Burton ͓3͔. The MLE's were computed using the tangent space method ͓14͔. To obtain a convergent value of the MLE, , we used the following procedure. At each energy, after the usual equilibration run, the equations of motion are followed for 3ϫ10 5 MD steps and is obtained from the final 2ϫ10 5 MD step trajectories. The average value of , computed from its values obtained from 5000 MD step segments, was found to be essentially the same as the asymptotic value indicating that a converged value of had been obtained.
III. PREVIOUS STUDIES
The solid-liquid transition region is generally determined by calculating the long-time averages of the kinetic energy ͑E kin ) and the rms bond-length fluctuation ␦ as a function of the total energy. The latter is given by
The temperature of the system, T, is directly related to the average kinetic energy by the relation
where k B ϭ 1.381ϫ10 Ϫ16 erg/K is the Boltzmann constant, and 3NϪ6 represents the total number of internal degrees of freedom.
As mentioned by Beck, Jellinek, and Berry ͓2͔, short-time averages of the kinetic energy carried over several vibrational time periods display multimodal distributions for clusters undergoing melting characterized by a coexistence region. We have reproduced these features in Ar 13 and Ar 19 , as found in earlier studies by Berry and his collaborators.
To probe the space-time dynamics of the cluster, we calculated the incoherent intermediate scattering function
where G s ͑r,t͒, the self-part of the Van Hove correlation function, is the probability density that a particle is located in the volume element dr ជ , about a point r ជ , at time t, given that it was at the origin at tϭ0.
where the angular brackets ͗͘ imply an average over initial positions and times of the particles. From Eq. ͑3͒, it follows that
Also computed is the dynamic structure factor
The dynamical stability of the trajectories in phase space can be probed by computing Lyapunov exponents. For an N-atom cluster, the phase is 6N in dimension. Since there are seven constants of motions in our constant energy simulations-three components of linear and angular momenta and the total energy-there are 6NϪ14 Lyapunov exponents ͓15͔. The maximum of these, the MLE, characterizes the fastest rate of exponential divergence of two nearby trajectories, and is given by
where d(0) and d(t) are the initial and final ͑after time interval t) distances between two trajectories, respectively. For chaotic dynamics, Ͼ0 and ϭ0 is a signature of regular motion.
Thus there are several physical quantities such as ␦,
, and which are expected to show characteristic changes with energy as a cluster undergoes the melting process. In Sec. IV, we report our results on these quantities for different Ar clusters.
IV. RESULTS

A. Ar 19 and Ar 13 clusters
As mentioned earlier, the main theme of this paper is to present some results on Ar 19 and Ar 17 clusters. However, first as a cross-check, we present results for an Ar 19 cluster and see how they compare with Ar 13 , a stable magic number cluster ͓4,7͔. Its caloric curve is very similar to that of Ar 13 , and one expects to see qualitatively similar behavior for both in DSF's and MLE's. Earlier studies by Jellinek, Beck, and Berry ͓8͔ for Ar 13 and Ar 19 have shown that general features of the dynamics of these two similar closed shell clusters can be characterized by three different energy or, equivalently, three different temperature regimes: the low energy regime (EрE f ) exhibiting solidlike properties, the coexistence regime (E f рEрE m ) which has the characteristic of both solid and liquid, and the high energy (EуE m ) liquidlike regime. The short-time averages of the kinetic energy shows a bimodal distribution in the coexistence region both in Ar 13 and Ar 19 . For the latter system, we calculated structure factors in the three different energy regimes discussed above. The corresponding total energy values are Ϫ5.8ϫ10 Ϫ14 ͑solid͒, Ϫ4.85ϫ10 Ϫ14 ͑coexistence͒, and Ϫ4.5ϫ10 Ϫ14 ͑liquid͒ erg/atom respectively. Values of the wave vector k were chosen to correspond to wavelengths ranging from interparticle separation to several times the size of the cluster, which is around 3 -4, where is the Lennard-Jones parameter for argon ͑3.4 Å͒. Values of k run from 1 to 10, or the equivalent wavelengths run from 2 to 0.2 nm. This provides an optimum range for probing the cluster dynamics in a scattering experiment.
In Fig. 1 , the time dependence of the correlation function F s (k,t) is given for several values of k. The time and k dependences of this quantity are similar to those seen in our earlier studies of an Ar 13 cluster. In Fig. 1͑a͒ , corresponding to the rigid phase, we find that F s (k,t) shows an oscillatory time dependence, and that the amplitude of the oscillatory part increases with k, as the atoms in the rigid structure vibrate about their equilibrium positions. Since the double icosahedral structure of Ar 19 is very stable in time, the correlations persists up to very long times. In fact it appears to saturate to a finite value as t approaches ϱ, characteristics of a solid phase. This long-time asymptotic value decreases with k, a reflection of the Debye-Waller effect in solids. In contrast, in the high-energy liquidlike phase ͓Fig. 1͑c͔͒, the correlation function decays rapidly with time, the characteristic decay time decreases with k. There is no oscillatory behavior. For similar values of k, F s (k,t) in the liquid decays to a much smaller value compared to the solid in a time interval of 15 ps. For example, for k ϭ 10, the correlation function has decayed nearly to zero by 15 ps in the liquid phase, whereas in the rigid phase its value is about 0.83.
In the coexistence region ͓Fig. 1͑b͔͒, the correlation function is clearly different from both the liquid and solid curves. The initial decay is rapid, with the k ϭ 10 curve decaying to 0.5 within the first 1 ps. The function then flattens out and appears to exhibit a very slow decay which is approximately linear in time. For small and intermediate values of k, the curve appears very smooth, similar to that for a liquid, but for large k, faint oscillations resembling a solidlike dynamics show up.
In Fig. 2 finite simulation time corrections͒. In the solidlike region ͓Fig. 2͑a͔͒, there is a very large and extremely narrow ͑reso-lution limited͒ central peak for all values of k. The spectral weight of this central peak decreases with k because it is proportional to the long-time limit of the correlation function. At higher frequencies, well-defined peaks are observed, corresponding to different vibrational modes of the cluster, again with their spectral weight increasing in strength with k, a characteristic feature of harmonic dynamics. ͓7,16͔ In the liquid region ͓Fig. 2͑c͔͒, the central peak is much more broader, and decreases much slowly at large-k values. There are no finite frequency peaks observed, as atomic motions are highly anharmonic, leading to strong damping of harmonic vibrations. In the coexistence region ͓Fig. 2͑b͔͒, one can clearly identify both a narrow central peak, characteristic of the solid but with a finite lifetime, and a broad structureless feature extending to higher frequencies similar to that seen in the liquid. The DSF results are almost identical ͑ex-cepting for quantitative differences͒ to what we found for Ar 13 ͓7͔, indicating the similarity of these two systems.
Next we discuss the MLE of Ar 19 to see how the solidliquid transition and the coexistence are reflected in this dynamic indicator. Shown in Fig. 3 is the energy (E) dependence of for Ar 19 . At low values of E, ϭ0, and it increases with E. At EϭϪ4.81ϫ10 Ϫ14 erg/atom which is equivalent to TХ 28 K, increases sharply when the cluster starts to melt. This energy lies in the coexistence region. A similar change in is seen when plotted as a function of T, except that in this case several values of fall into a small temperature interval near the transition. These different values of are due to the dynamical coexistence of solidlike and liquidlike phases. Here the different phases in dynamical equilibrium correspond to the cluster occupying different phase spaces in the potential energy surface: the high kinetic phase ͑or superheated solid͒ corresponds to a high chaotic region, and the low kinetic phase ͑supercooled liquid͒ to a low chaotic region. This suggests that we might be able to partition the phase space into different regions using as an order parameter. The abrupt increase of the MLE near the transition point is due to the sudden increase of phase space volume accessible to the system. However, the change in depends on the nature of the transition, particularly in finite systems. For example, if the transition is abrupt ͑as in Ar 13 and Ar 19 ), and the system suddenly accesses a larger volume in phase space, the change in is rather sharp. On the other hand, if the transition is smooth as in Ar 17 , which will be discussed later, then is expected to change smoothly. It is noted here that in the bulk where the transition is sharp and there is a single energy ͑and T) at which the solid and liquid phases coexist, shows an abrupt change near the transition temperature ͓17͔. For a cluster to exhibit a well-defined solid-liquid dynamic equilibrium and two well-defined phases, it must exhibit ͑i͒ a bimodal distribution of its shorttime average kinetic energy in an isoergic simulations, ͑ii͒ a rapid increase in the MLE as the solid enters the coexistence region, and ͑iii͒ a characteristic two-phase dynamics in the DSF. However, some clusters may exhibit a kind of softening where the system goes continuously from a rigid solidlike state to a floppy liquidlike state without showing any bimodal behavior. The difference between bimodal systems and these depend on the details of the multidimensional potential energy surface. In the following, we discuss the behavior of both DSF's and MLE's in Ar 17 , a system which does not show bimodality in its short-time kinetic energy distribution.
B. Ar 17 cluster
In studying Ar 17 , we first looked at the caloric curve to identify the melting region. The mean temperature T ͑ob-tained from the long-time average of the kinetic energy͒ as a function of the total energy, kinetic plus potential, per atom is shown in Fig. 4 . Our results are in agreement with the published results of Beck and co-workers ͓2͔ As in Ar 19 , for low energies, there is a monotonic, linear increase in temperature with energy. At the high energy end of the curve, the increase in temperature is again linear, but with a differ- ent slope. This corresponds to the nonrigid structure of the cluster. The transition between the rigid and nonrigid forms of Ar 17 is not clear from looking only at the caloric curve, although one can see a small kink near 20-24K and this transition was characterized by Beck et. al. ͓2͔ as ''slushlike.'' One way of identifying the transition more precisely is to look at the first and second derivatives of T with respect to E. The other is to study the energy dependence of F s (k,t), S s (k,), ␦, and carefully near the transition region. In addition, one can also look for any multimodal distribution of the short-time averages of the kinetic energy.
In Fig. 5 we give the distribution of the short-time averages of the kinetic energy ͑averaged over 1000 time steps͒ for six different values of E starting from deep inside the solid phase through the transition region into the liquid phase. The transition region is near EϭϪ5.0ϫ10
Ϫ14 erg/ atom. The kinetic energy distribution is unimodal for all the cases, except that below the above energy it is quite sharp but starts to develop a low-energy tail above this value. The origin of the broadening and asymmetry of this distribution comes from dynamic excursion between hot solidlike and cold liquidlike structures. However these structures are not well separated in energy, and the barrier between them is small such that the the cluster makes rapid dynamic excursions between them. These can be easily seen in the time dependence of the kinetic energy given in Fig. 6 for the same values of E.
In Fig. 7 , F s (k,t) is shown for eight different energy values. Since the transition region is not well defined from the caloric curve, we monitored this quantity for more energy values compared to that of Ar 19 . At EϭϪ5.1ϫ10 Ϫ14 erg/ atom, the cluster displays the characteristics of a rigid structure. The F s (k,t) saturates to a nonzero value, and small oscillations result from nearly harmonic vibrations of the cluster, and their amplitude increases with k. As the energy is increased, the incoherent inelastic scattering function begins to decay in more or less linear fashion at long times, as we saw in the coexistence region of Ar 19 . Finally, around EϭϪ4.4ϫ10 Ϫ14 erg/atom, it displays the characteristics of a nonrigid liquidlike cluster. Thus we see a gradual evolution of the scattering function from that of a rigid to a floppy structure.
In Fig. 8 , the dynamic structure factor S s (k,) is given for the same eight values of the total energy. At the highest energy, EϭϪ4.4ϫ10 Ϫ14 erg/atom, the curve shows a broadened central peak, the DSF decreasing smoothly with increasing frequency as is characteristic of a nonrigid cluster. As the energy is decreased, the central peak becomes sharper, and a characteristic two-peak structure ͑see EϭϪ4.8ϫ10
Ϫ14 erg/atom͒ develops clearly, reflecting the presence of two different time scales. Finally peaks begin to form at higher frequencies showing the development of normal modes as the cluster becomes more rigid. Thus the DSF also shows a gradual evolution of the spectral characteristics from a solidlike to liquidlike phase with increasing energy, reflecting what we saw in the scattering function. In examining the scattering function, we find that this function begins to resemble that for Ar 19 in the coexistence region around EϭϪ4.8ϫ10 Ϫ14 erg/atom, but is more clear at EϭϪ4.7ϫ10 Ϫ14 erg/atom. In the dynamic structure factor, this is where the narrow central peak begins to develop. Figure 9 shows the temperature dependence of MLE for Ar 17 ͑squares͒. One can see from this figure that the MLE increases monotonically, and shows small undulations reflecting the structure of the underlying potential energy surface. At high energies, the liquidlike behavior is confirmed from the DSF ͑discussed above͒, diffusion coefficient, bondlength fluctuation ͓also shown in Fig. 9 ͑circles͔͒, etc. Suprisingly the bond-length fluctuation ␦ appears to be still very sensitive and still a good indicator of the transition in this system. In contrast to Ar 13 and Ar 19 , where MLE showed a nearly discontinuous jump, it varies rather smoothly across the transition region in Ar 17 . This behavior can be understood physically as follows. If the cluster has a deep stable minimum and the energy difference between this and the next highest minima is relatively large, and the barrier from both sides is large, then the transition becomes sharp and the cluster is able to show a coexistence of welldefined solidlike and liquidlike forms. This is characteristic of clusters such as Ar 13 cluster has a large number of isomers close in energy and the barriers between these isomeric states are not large, then the cluster samples these isomers during the simulation and the transition becomes smooth. The cluster does not show any kind of bimodality. This is the case for clusters like Ar 17 . In these clusters the access to the phase space volume with energy is rather gradual, and hence the MLE and other dynamic indicators do not show any sharp change in their behavior across the transition.
V. SUMMARY
In summary, we extended our earlier MD simulation studies of DSF and MLE for Ar 13 to Ar 19 and Ar 17 clusters to investigate the transition from the low-energy solidlike to high-energy liquidlike structures. We find that both MLE and the DSF remain good indicators characterizing the transition region. The energy dependence of the MLE shows different characteristics for clusters with a coexistence transition region and those without one. In the case of the former, MLE shows a rapid increase near E f as the cluster enters the coexistence region from below, i.e., when the rigid but anharmonic clusters begins to sample the liquidlike phase space. MLE does not show any significant feature near E m when the cluster leaves the coexistence region and goes into a liquidlike phase. In the case of clusters showing a slushlike transition, MLE changes smoothly across the transition. In contrast to the MLE, we find that DSF shows similar behavior for both types of transitions, namely, signatures of both solidlike and liquidlike dynamics co-existing at the same energy.
